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How’s My LISP Syntax?

> (defun even(num) (= (mod num 2) 0))
> (filter '(6 4 3 5 2) #'even)
> (642)



How’s My LISP Syntax?

defun even(num)(= (mod num 2) 0

filter (6 4 3 5 2) #’even



How’s My LISP Syntax?
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Transformer Encoders as Formal Language Recognizers
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Bounded-Depth Dyck Language

Dyck-1 of depth 3

= strings of parentheses, balanced and nested up to 3 deep

= strings where the number of ('s is equal to the number of )'s, and
every prefix contains 0-3 more ('s than )'s

Examples:
e accepted: ()() v
e accepted: (())() v/
e accepted: (()(())) v
e rejected: (((()))) X
o rejected: ()()( X



The Big Picture: Expressivity and Logic

(Vi)(Qa)
> (V) <) = Qa(i) A Qu(U))
etc.
What languages are recognized What languages are
by transformer encoders? defined by logical formulas?

For a survey of papers in this area (including this one): Strobl et al. [4],
“Transformers as Recognizers of Formal Languages: A Survey on Expressivity”



The Big Picture

Questions to Consider

e Expressivity — what can transformers do under perfect conditions?
e Learnability — what can transformers learn to do in real life?
e Interpretability — how can we know what transformers have learned?

e Improvements — how can we augment the architecture?
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d Attention Simplifies Our Analysis
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More on Hard Attention

We can think of SOFTMAX as parameterized with a "temperature”. At
low temperature, it closely approximates ARGMAX - selecting a single
input — which is much easier to manage!

ex,-/T
bOFTl\/IAX(X,’, T) = W
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Our Results

masked
Boolean counter-free
transformers Schiitzenberger [3]
free
McNaughton and
Papert [2]
(<]
Kamp [1]
masked
hard-attention linear temporal logic

transformers
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Star-Free Languages

Formula Language

Dyck-1 of Depth 3 | (),(()), (1)), 00, (0)0; - --

(ab)* €, ab, abab, ababab, . . .

Y*aay* €, a, ab, ba, bb, abb, bab, bba, bbb, . . .
ar*b ab, aab, abb, aaab, aabb, . . .
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FO[<] and Star-Free

Using a theorem of McNaughton and Papert [2], the Star-Free languages
are exactly those described by First-Order Logic

Formula Language

Ix.Q1(x) Strings containing a 1

Vx.=1Qp(x) Strings not containing any 0's

Ix.Qo(x) AVy.y > x String's starting with a 0

Ixdydzx<y<z String's containing the subsequence 001
AQo(x) A Qo(y) A Qu(2)
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Contextualizing Our Results

RASP ——> AHAT log-precision transformers

ey

finite-precision transformers UHAT

masked hard-attention transformers
N L .~ <«—> FO[<, Mon]
+ finite-image position embedding

masked hard-attention transformers FO[<, MOD]

T

B-RASP <—> masked hard-attention transformers «—> FO[<] «—> star-free

+ sinusoidal position embedding
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Thank You

Stephen Bothwell, Darcey Riley, Ken Sible,

Aarohi Srivastava, Lena Strobl, and Chihiro Taguchi!
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With some generous assumptions, we can

prove what transformers are capable of perfect
conditions!

Masked hard-attention transformer as a “base
case” to build upon

Very rich computational equivalences

Ultimate goal: understand rigorously the
capabilities and limitations of transformers
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